Over the last decade, there have been a significant amount of research works on compound renewal risk models with dependence. These risk models assume a dependence relation between interclaim times and claim amounts. In this paper, we pursue their investigation. We apply change of measure techniques within the compound renewal risk models with dependence to obtain exact expressions for the Gerber-Shiu discounted penalty function. We propose a more general approach than the usual one based on the random walk associated to the risk process as it is presented in the literature. More refined, our method keeps the embedded information in the sequence of claim amounts and interclaim times and enables us to derive an exact expression for the Gerber-Shiu discounted penalty function. Simulation is one of the advantages of change of measure techniques since we can find a new probability measure under which ruin occurs almost surely. In this paper, we investigate the importance sampling method based on change of measure techniques to compute several ruin measures. Numerical illustrations are carried out for specific bivariate distributions of the interclaim time and the claim amount to approximate interesting ruin measures.
Introduction
Over the last decade, there have been a significant amount of research works on compound renewal risk models with dependence. These risk models assume a dependence relation between interclaim times and claim amounts. We begin here with a brief description of the model (see e.g. Albrecher and Teugels (2006) , Cossette et al. (2008 Cossette et al. ( , 2010 , and Cheung et al. (2010) for details). For an insurance portfolio, the surplus process is defined by U = {U (t) , t ≥ 0} where the surplus level at time t, U (t), is given by U (t) = u + ct − S (t) ,
where U (0) = u is the initial surplus and c is the premium rate. The aggregate claim amount process, denoted by S = {S (t) , t ≥ 0} with S (t) = N (t) j=1 X j ( b a equals 0 if b < a), is a compound renewal process. The claim number process N = {N (t) , t ∈ R + } is an ordinary renewal process where the interclaim times {W j , j ∈ N + } form a sequence of independent and strictly positive realvalued random variables (rvs). The time between the (j − 1)th and the jth claim (j = 2, ...) is defined by the r.v. W j with W 1 the time of the first claim. The rvs {W j , j ∈ N + }, identically distributed as the canonical r.v. W , have a probability density function (pdf) f W and a cumulative distribution function (cdf) F W . The time of arrival of the jth claim is denoted T j = W 1 + · · · + W j . The claim amount rvs {X j , j ∈ N + }, where X j corresponds to the amount of the jth claim, are assumed to be a sequence of strictly positive, independent and identically distributed (iid) rvs with pdf f X and cdf F X .
In compound renewal risk models with dependence, {(X j , W j ) , j ∈ N + } form a sequence of iid random vectors distributed as the canonical random vector (X, W ), in which the components may be dependent. The joint pdf of (X, W ) is denoted by f X,W and the joint cdf is denoted by F X,W . The associated moment generating function (mgf), denoted by M X,W (r 1 , r 2 ) = E e r 1 X e r 2 W = ∞ 0 ∞ 0 e r 1 x e r 2 t f X,W (x, t) dxdt, is assumed to exist throughout the paper.
The time of ruin is defined by the rv τ u = inf {t ≥ 0 : U (t) < 0} with τ u = ∞ if U (t) ≥ 0 for all t ≥ 0. The infinite-time ruin probability is ψ (u) = Pr (τ u < ∞|U (0) = u). The classical Gerber-Shiu discounted penalty function is defined by
where w is the so-called penalty function that depends on the surplus immediately prior to ruin U (τ − u ) and the deficit at ruin |U (τ u )|. The scalar δ is the force of interest assumed to be nonnegative. The function 1 {A} is the usual indicator function where 1 {A} = 1 if the event A occurs and 0 otherwise. Throughout the paper, we assume the positive security loading condition E [cW − X] > 0 which ensures that ruin will not occur almost surely. If δ = 0 and w(x, y) = 1 for all x, y ∈ R + , (1) corresponds to the infinite-time ruin probability ψ (u). Also, for δ ≥ 0 and w(x, y) = 1 for all x, y ∈ R + , (1) becomes G δ (u) = E e −δτu 1 {τu<∞} |U (0) = u , using the notation of Cheung et al. (2010) . Note that G δ (u) can be interpreted either as the present value of 1 paid at ruin or the Laplace transform of the time of ruin. If the penalty is only function of the deficit at ruin (which corresponds to the overshoot of the random walk V over the surplus u), we write w (x, y) = w 2 (y) and hence (1) becomes m δ,2 (u) = E e −δτu w 2 (|U (τ u )|) 1 {τu<∞} |U (0) = u , under the notation of Cheung et al. (2010) .
As mentioned in e.g. Albrecher and Teugels (2006) , it is possible to identify the random walk embedded in the risk process. We consider the sequence of iid rvs L = {f rametitleL j , j ∈ N + }, where L j = X j − cW j is the net loss at the jth claim, with L j ∼ L, for j ∈ N + . The premium rate c is fixed such that E [L] = E [X − cW ] < 0 and we define η =
cE[W ]
E[X] − 1 > 0 as the relative security loading. Based on L, we denote by V = {f rametitleV j , k ∈ N} the random walk with negative drift, where V 0 = 0 and f rametitleV j = j l=1 L l , j ∈ N + . The maximum net cumulative loss process associated to V is defined by Z = {Z j , j ∈ N}, where Z j = max l=0,1,2,..,j {f rametitleV l }.
We introduce the rv Z ∞ = max l∈N + {f rametitleV l }. An alternative definition for the infinite-time ruin probability is then provided by
where F Z∞ corresponds to the cumulative distribution function (cdf) of Z ∞ .
Let us now define the rv σ u = inf j∈N + {j, Z j > u} with σ u = ∞ if Z j ≤ u for all j ≥ 1 (i.e. when ruin does not occur). The rv σ u corresponds to the claim number at which ruin occurs. If σ u < ∞, we have τ u = T σu . Note that the deficit at ruin is also given by |U (τ u )| = V σu − u and the surplus prior to ruin is given by U (τ − u ) = X σu − V σu + u. It implies that the Gerber-Shiu discounted penalty function defined in (1) can also be expressed as
In the following, we also use the general Lundberg equation which is fundamental in ruin theory. Within compound renewal risk models with dependence, its expression is given by
We denote by ρ δ the strictly positive solution to (2), if it exists, called the (Lundberg) adjustment coefficient. This coefficient is crucial in ruin theory (see e.g. Gerber (1979) , Rolski et al. (1999) , and Asmussen and Albrecher (2010)), and it can be seen as a measure of dangerousness of an insurance portfolio. Also, ρ δ is useful to obtain exponential inequalities, exact expressions and asymptotic expressions for ruin measures.
As previously mentioned, one can find a vast literature in regard to compound renewal risk models with dependence. Albrecher and Teugels (2006) consider an arbitrary dependence structure based on a copula for (X, Y ). Assuming the existence of ρ 0 , they examine notably the exponential behavior of ψ (u) and obtain asymptotic expression for ψ (u). Cheung et al. (2010) examine the structure and some properties for m δ (u) and propose a generalization of m δ (u). Boudreault et al. (2006) examine several properties of an extension of the classical compound Poisson risk model assuming a dependence structure where the distribution of X is defined in terms of W . Cossette et al. (2008 Cossette et al. ( , 2010 investigate the family of risk models proposed by Albrecher and Teugels (2006) with a dependence structure for (X, W ) defined with a (generalized) Farlie Gumbel Morgenstern copula. Badescu et al. (2009) consider a bivariate phase-type distribution for (X, W ) and obtain explicit results for ψ (u) and some special cases of m δ (u). Ambagaspitiya (2009) obtains, by means of Wiener Hopf factorisation techniques, the expressions for ψ (u) in the cases of two classes of bivariate distributions (X, W ). For Erlang(n) inter arrival times and a dependence structure based on the Farlie Gumbel Morgenstern copula, Chadjiconstantinidis and Vrontos (2013) derive notably the Laplace transform of m δ (u) and explicit expressions for the discounted joint and marginal distribution functions of U (τ − u ) and |U (τ u )|.
In this paper, we pursue the investigation of compound renewal risk models with dependence. We aim to use the change of measure techniques to derive an exact expression for m δ (u). Rolski et al. (1999) , Pham (2007) , Asmussen and Albrecher (2010) and Schmidli (2010) discuss several advantages in regard to these techniques. To do so, we propose a more general approach than the usual approach (refered to as the "random walk approach"), which relies on L. For an exposition of the random walk approach, see e.g Rolski et al. (1999) , Asmussen and Albrecher (2010) , Pham (2007), and Sigman (2007) ) to obtain exact expression of ψ (u) within the classical compound Poisson risk model and the classical compound renewal risk model. See also Cossette et al. (2014) for the application of the random approach to derive the expressions for ψ (u) and m 0,2 (u) in the context of the compound renewal risk model with dependence. Our approach, more refined, keeps the embedded information in {(X j , W j ) , j ∈ N + } and enables us to derive the announced expression for m δ (u). Moreover, we explain that our approach can be extended to derive the exact expressions for extensions of m δ (u) as the ones proposed in e.g. Cheung et al. (2010) . What we propose differs from the so-called Markov additive approach which is applied by Asmussen and Albrecher (2010) and Schmidli (2010) to derive the exact expression of m δ (u) within the more restrictive compound Poisson risk model and compound renewal risk model, respectively. We believe that our approach is simpler.
Simulation is one of the advantages of change of measure techniques since we can find a new probability measure under which ruin occurs almost surely. Glasserman (2004), Pham (2007 ), Sigman (2007 , and Asmussen and Albrecher (2010) have explained how to apply the importance sampling method based on change of measure techniques to compute ψ (u) in the context of the classical compound Poisson risk model. Asmussen and Albrecher (2010) have also applied it to evaluate ψ (u) in the context of the compound renewal risk model. In this paper, we investigate the importance sampling method based on change of measure techniques to compute several ruin measures. The performance of this method is compared on a theoretical basis and also through numerous examples. These examples are based on chosen bivariate distributions for (X, W ), which have to be redefined under the new probability measure.
Our paper is organized as follows. In section 2, we use change of measure techniques to obtain exact expressions for m δ (u). Afterwards, in section 3, we investigate importance sampling method to compute ruin measures and study its quality. Finally, in section 4, we examine specific bivariate distributions for (X, W ), and we derive their corresponding bivariate distributions resulting from the change of measure. Numerical illustrations are also provided in section 4 to illustrate the importance sampling method.
2 Change of measure 2.1 Preliminaries Rolski et al. (1999) , Pham (2007) , Asmussen and Albrecher (2010) and Schmidli (2010) discuss several advantages in regards to the use of change of measure techniques. In addition to getting exact expressions for ψ (u) and m δ (u), they provide a natural way to find Lundberg exponential bounds and permit the use of ordinary renewal theory to derive asymptotic expressions for ψ (u) and m δ (u). Moreover, the computation of these expressions can be relatively simple using simulation as discussed in section 4. Indeed, it offers the possibility to compute different ruin measures for a variety of bivariate distributions of (X, W ) which may be difficult, even impossible, to find otherwise. For a review on change of measure techniques and their application to simulation see e.g. Rolski et al. (1999 ), Glasserman (2004 , Asmussen and Albrecher (2010), Pham (2007) , and Sigman (2007) . See also Schmidli (2010) for an application of change of measure techniques to the investigation of the Gerber-Shiu function in the context of the classical compound renewal risk model. Links to large deviations results can be found in e.g. Pham (2007) .
With a change of measure technique based on the random walk V and its increments L, Rolski et al. (1999 ), Glasserman (2004 , Asmussen and Albrecher (2010), Pham (2007) , and Sigman (2007) derive the expression for the ruin probability ψ (u) within the classical compound risk model. Asmussen and Albrecher (2010) also use this technique within the compound renewal risk model. Cossette et al. (2014) briefly recall this approach and show that it can be used within compound renewal risk models with dependence as well. They use the change of measure technique based on the sequence L of net losses to obtain the exact expressions for ψ (u) and m 0,2 (u). This approach is however not refined enough for the derivation of m δ (u). For that reason, we propose a second approach that broadens the scope of application to m δ (u) with no restriction on the choice of penalty function w(x, y). Indeed, as mentioned in Example 4.6.3 of Glasserman (2004) , the specific form of L k = X k − cW k is dropped under the random walk approach. Their components and dependence structure are also ignored. Inspired from the multivariate setting exposed in Glasserman (2004, in 4.6 .1), we rely here on the sequence {(X k , W k ) , k ∈ N + } of claim amounts and interclaim times allowing to keep track of both the claim amounts and the interclaim times, and not only the increments of the random walk L. This will make easier the derivation of the exact expression of m δ (u) under the new probability measure P (ρ δ ) .
Let us assume the rvs X 1 , W 1 , ..., X n , W n to be continuous and the premium rate c to be equal to 1. Obviously, the joint pdf of (X 1 , W 1 , ..., X n , W n ) is given by
where φ is a function for which the expectation exists.
We define under a new probability measure P (r) the joint pdf of (X 1 , W 1 , ..., X n , W n ) by
where Γ (r) = ln E e r(X−W )−δW assuming Γ (r) < ∞ for values of r = 0. Using (4), the expression in (3) becomes
With this new approach, the likelihood ratio corresponds to
Given that σ u is a stopping time and (5), we have
Main result
The following proposition provides the expression for m δ (u) under P (ρ δ ) .
Proposition 1 Assume that ρ δ exists for δ ≥ 0. Then, we have
Proof. In (6), we let
The random walk V has a positive drift under the new probability measure P (ρ δ ) , and hence σ u < ∞ or equivalently 1 {σu<∞} = 1 {τu<∞} = 1. Then, since Γ (ρ δ ) = 0, (8) becomes
2.3 Lundberg Exponential bounds for ψ (u), G δ (u), and m δ (u)
Proposition 1 provides a natural way to derive Lundberg exponential bounds for ψ (u), G δ (u), and m δ (u).
Corollary 2 In the context of Proposition 1, we have the following bounds for ψ (u) and G δ (u) :
and
In addition, if w (x, y) is bounded, we also get a bound for m δ (u),
{w (x, y)} e −ρ δ u .
Proof. The inequalities in (9), (10), and (11) follow from (7) and U (τ u ) < 0.
Asymptotic expression for m δ (u)
Proposition 3 Let (X, W ) be a pair of continuous rvs. Assume that ρ δ exists and that the penalty function w is continuous and bounded. Then, there is some constant C δ > 0 such that
Proof. The proof is inspired from the one of Proposition XII.2.10 in Asmussen et Albrecher (2010), which is based on ordinary renewal theory. Let us define m * δ (u) by
In the following, we denote the joint pdf of U τ
we have
Let us now define the proper pdf and cdf of
and (12) and (13) leads to
which is a proper renewal equation of the form
Then, we apply the key renewal theorem (see e.g. Theorem 6.1.10 of Rolski et al. (1999) ) for the solution to the proper renewal equation (14), which yields
For this result to hold, a (ρ d ) must be directly Riemann integrable. We recall that a function
i.e. if the limits of the upper and lower bounds exist and coincide. The integral is then equal to this limit (see e.g. chapter 6 of Rolski et al. (1999) for details). In order to show that a (ρ d ) is directly Riemann integrable, it suffices to show that there exists an upper bound to a (ρ d ) that is Riemann integrable. Since the penalty function w is continuous and since 0 ≤ e −ρ δ (y−u) ≤ 1, there exists a constant c such that and |U (τ 0 )| exist. Consequently, all their moments also exist which enables us to conclude that
is directly Riemann integrable and that a (ρ d ) is also directly Riemann integrable. Note that the denominator in (15) is finite since all moments of |U (τ 0 )| exist.
Note that the derivation of analytical expressions for C δ is rather difficult. In subsection 3, an application of the above asymptotic expression is given.
2.5 Application of change of measure to extensions of m δ (u) Cheung et al. (2010) propose two additional ruin-related quantities, as extensions to m δ (u) , and study their properties. First, they introduce the minimal surplus prior to ruin which is defined by the rv A 1,σu = min (u, U (T 1 ) , ..., U (T σu−1 )) if σ u > 1 and A 1,σu = u, if σ u = 1. The introduction of A 1,σu allows notably the analysis of the last ladder height with A 1,σu + |U (τ u )|. As a first extension of m δ (u), Cheung et al. (2010) 
(see (4) in Cheung et al. (2010) ).
Secondly, Cheung et al. (2010) propose to study the rv A 2,σu = U (T σu−1 ) if σ u > 1 and A 2,σu = u, if σ u = 1, which corresponds to the surplus immediately after the second last claim before ruin occurs (if ruin occurs at or after the second claim) or to u (if ruin occurs on the first claim). As a second extension of m δ (u), Cheung et al. (2010) 
(see (2) in Cheung et al. (2010) ). The introduction of A 2,σu permits the analysis of the last interclaim time before ruin with (U(τ
Inspired by the proof of Proposition 1, we apply (6) to derive the next corollary which allows us to derive the expressions of χ δ,123 (u) and χ δ,1234 (u) under P (ρρ) .
Corollary 4 Let us define the function
assuming that the expectation exists. Then, we have
In Examples 5 and 6, we derive the expressions of χ δ,123 (u) and χ δ,1234 (u) under P (ρρ) ..
Example 5
The rv A 1,σu can be rewritten as
With Corollary 4 and
becomes
Example 6 The rv A 2,σu can be rewritten as
Using Corollary 4 and
Corollary 4 can also be used to study other ruin-related quantities defined in function of (X 1 , W 1 , ..., X σu , W σu ). For instance, we could consider the rv A 3,σu = max (X 1 , ..., X σu ) which corresponds to the maximal claim amount up to ruin or the rv A 4,σu = σu j=1 X j which corresponds to the sum of claims up to ruin. Then, we have
As for m δ (u), the expressions of χ δ,123 (u), χ δ,1234 (u), χ 0,5 (u), and χ 0,6 (u) under P (ρ δ ) enables the use of importance sampling to compute them.
3 Importance sampling via change of measure As already mentioned, an important advantage of the expressions derived in Proposition 1 is that they can be easily simulated. Given that the drift of the surplus process is negative under P (ρ δ ) , and hence Pr(τ u < ∞) = 1, we can simulate a sample path of the process until ruin occurs which is not the case for a crude Monte Carlo simulation method (see details in Cossette et al. (2014)). Interestingly, we show that the important sampling method provides unbiased approximations for the Gerber-Shiu function and bounded relative errors.
Algorithm 7
The following steps are repeated m times, i.e. for j = 1, ..., m.
k , until ruin occurs.
Denote by σ (j)
u the claim number at which ruin occurs, by τ
the time of ruin, and
The approximation of m δ (u), defined by
is unbiased. Moreover, the relative error under P (ρ δ ) , defined by
is bounded, as shown in the following proposition.
Proposition 8 We consider two cases for w (x, y).
1. Let w (x, y) = 1. Then, m IS δ (u) computed under P (ρ δ ) has a bounded relative error. 2. Assume w (x, y) is bounded. Then, m IS δ (u) computed under P (ρ δ ) has a bounded relative error.
Proof.
1. As suggested in Asmussen and Albrecher (2010, Theorem XV.3.1), we just need to prove that E m IS δ (u) 2 is bounded. Indeed, we have E m IS δ (u) 2 ≤ e −2ρ δ u . By Proposition 3, the result follows from
2. Similarly, we have
4 Bivariate distributions for (X, W )
In this section, we consider specific bivariate distributions for (X, W ) and derive their corresponding distributions under P (ρ δ ) . We provide without proof the following lemma which will be helpful to find the joint distribution of (X, W ) under P (ρ δ ) .
Lemma 9 Under P (ρ δ ) , the joint mgf of (X, W ) is given by
In the numerical examples that follow, we illustrate the importance sampling method by computing various ruin quantities and, in some cases, we also compare the obtained results by importance sampling to the exact values in the aim to validate the quality of the approximation. We mention that, except for the Moran-Downton bivariate exponential distribution, numerical optimization needs to be used to find the adjustment coefficient ρ δ . Importance sampling is always performed with 10 000 simulations.
Bivariate mixed distributions
Let us consider bivariate mixed distributions whose joint pdf and mgf are respectively of the form
with p i,j ≥ 0 and m i=1 m j=1 p i,j = 1. Also, f i and g j are the mgf associated to the pdf f i and g j , respectively. Since p i,j ≥ 0 and m i=1 m j=1 p i,j = 1 and since f i (x) and g j (t) are pdfs for i = 1, 2, ..., m and j = 1, 2, ..., m, then it ensures that f X,W (x, t) is a proper bivariate pdf. Similarly, the existence of the joint M X,W (r 1 , r 2 ) is also guaranteed. For details on such bivariate distributions, see e.g. Balakrishnan and Lai (2009) .
Lemma 10 For bivariate mixed distributions, the pdf of (X, W ) under P (ρ δ ) is given by
.., m and j = 1, 2, ..., m.
Proof. The result follows directly from the application of (4).
As an example, we assume here that (X, W ) follows a bivariate mixed gamma distribution with joint pdf given by
This bivariate distribution is a generalization of a slightly simpler one that is suggested and applied by Jones et al. (2000) . A special case of this distribution, the bivariate mixed exponential distribution is used in Zhang et al. (2012) in the context of a compound renewal risk model with dependence and diffusion. In Iyer and Manjunath (2006, Theorem 1.1.2), it is shown that a joint distribution with a completely monotone pdf, such as the bivariate Pareto distribution and the bivariate Weibull distribution, can be approximated by a finite mixture of bivariate exponential distributions. With Lemma 10, the joint pdf of (X, W ) under
, for i, j ∈ {1, 2, ..., m}. We observe that, under P (ρ δ ) , the joint distribution of (X, W ) remains a bivariate mixed gamma distribution with both modified probabilities and scale parameters. The shape parameters remain unchanged. In the following example, we illustrate the interest of using importance sampling for non-integer valued parameters α i . Table 1 , we indicate the three cases for the p i,j 's which are fixed such that the marginal distributions for X and W are identical in all three cases. Values obtained for ψ (u) by importance sampling are provided in Table 2 , where ρ P (X, W ) is the Pearson correlation coefficient. Notice that Case 1 corresponds to negatively correlated X and W and Case 3 to positively correlated X and W . Table 2 : Values of ruin probabilities obtained by importance sampling for Cases 1, 2, and 3 assuming the bivariate mixed gamma distribution.
As expected, we observe that ψ (u) decreases as ρ P increases whatever the initial capital u considered. The dependence acts as an hedging mechanism between premium incomes and claim amounts.
In Cossette et al. (2014) other examples of bivariate mixed distributions are considered.
Bivariate gamma Cheriyan -Ramabhadran -Mathai -Moschopoulos (CRMM) distribution
We now consider the gamma CRMM bivariate distribution, which is constructed as follows. Let Y 0 , Y 1 and Y 2 be three independent rvs where
We define the rvs X and W by X = β 0
Such a couple (X, W ) is said to follow a gamma CRMM bivariate distribution with X ∼ Gamma (α 1 , β), W ∼ Gamma (α 2 , λ), and Pearson's correlation coefficient
. The parameter γ 0 corresponds to the dependence parameter. The expression of the mgf of (X, W ) is given by
The gamma CRMM distribution has been proposed independently by Cheriyan (1941) , Ramabhadran (1951) , and Mathai and Moschopoulos (1991) . See also e.g. Kotz et al. (2002) for a review on this bivariate distribution. Ambagaspitiya (2009) has found the explicit expression for ψ (u), when α 1 , α 2 ∈ N + . It is worth to mention that importance sampling allows us to compute numerically m δ (u) in addition to ψ (u) for α 1 , α 2 ∈ R + and δ ≥ 0.
Lemma 12 Under P (ρ δ ) , the rvs X and W can be written as follows
, where C 0 , C 1 , and C 2 are independent rvs with C 0 ∼ Gamma (γ 0 , 1),
Proof. Given Lemma 9, we have
which completes the proof.
Note from Lemma 12 that under P (ρ δ ) , the marginal distributions of the rvs X and W are no longer gamma but rather a sum of independent gamma rvs with different scale parameters (see Moschopoulos (1985) for details on sums of independent gamma rvs).
In the following example, we compare the results obtained by importance sampling to exact values.
Example 13 Let us consider Example 4 of Ambagaspitiya (2009) , in which the parameters are α 1 = 2, α 2 = 2, γ 0 = 1, β = 2, and λ = 2 1.1 . In such a case, with δ = 0, he obtains
In Table 3 , we provide the exact values (computed with (22)) and those computed by importance sampling for ψ (u) with ρ 0 = 0.3604196. We also provide in Table 3 the values computed by importance sampling for m 0,2 (u). As anticipated, we observe that the importance sampling results for ψ (u) are very close to the exact values.
Let us consider below a second example in which the parameters α 1 and α 2 are no longer integers, and hence cannot be treated by Ambagaspitiya (2009) .
Example 14 Let α 1 = 0.6, α 2 = 1.2, β = 0.5, λ = 0.8, and δ = 0.02. In Table 4 For a fixed initial surplus u, the values G 0.02 (u) and m 0.02,2 (u) decrease as the dependence parameter α 0 increases.
Raftery bivariate exponential distribution
The Raftery bivariate exponential distribution is constructed as follows. Let Y 0 , Y 1 , and Y 2 be independent exponentially distributed rvs with mean 1 and (I 1 , I 2 ) be a couple of rvs with bivariate Bernoulli distribution with p i 1 i 2 = Pr (I 1 = i 1 , I 2 = i 2 ), for i 1 , i 2 ∈ {0, 1}. Then, we define (X, W ) in terms of the rvs Y 0 , Y 1 , and Y 2 as
It can be shown that the marginal distributions of X and W are exponentials with means 1 β and 1 λ respectively. Also, the Pearson correlation coefficient is given by
where ρ P (X, W ) ∈ [−0.25, 1]. When p 01 = p 11 = 0 or p 10 = p 11 = 0, it corresponds to the independence case while p 00 = p 01 = p 10 = 0, p 11 = 1 corresponds to the comonotonicity case.
By conditioning on (I 1 , I 2 ), the mgf of (X, W ) is
Details on the Raftery bivariate exponential distribution can be found in e.g. Raftery (1984) or Kotz et al. (2002) .
Lemma 15 Under P (ρ δ ) , the couple (X, W ) is constructed as follows :
where the rvs C 0 , C 1 and C 2 are independent with C 0 ∼ Exp (1), C 1 ∼ Exp (1) and C 2 ∼ Exp (1). They are also independent of (J 1 , J 2 ), whose joint probability mass function is denoted by
Proof. From (23), we find
11 given by (24), (25), (26) and (27) respectively. Now, we define the couple of Bernoulli rvs (J 1 , J 2 ) whose joint probability mass function is given by
for j 1 , j 2 ∈ {0, 1}. Also, based on (28), we notice that, if J 1 = 1 and J 2 = 0 (resp. J 1 = 1 and J 2 = 1), the scale parameter within the mgf associated to the second component in the definition of the rv X is β − ρ δ (resp. β − ρ δ + β λ ρ δ + β λ δ). Similarly, if J 2 = 1 and J 1 = 0 (resp. J 2 = 1 and J 1 = 1), the scale parameter within the mgf associated to the second component in the definition of the rv W is λ + ρ δ + δ (resp. λ − λ β ρ δ + ρ δ + δ). The desired result is then obtained from this observation and by inverting (28).
Note from Lemma 15 that, under P (ρ δ ) , the marginals of (X, W ) are no longer exponentials but rather a mixture of an exponential distribution and two generalized Erlang distributions. In the following example, we compute several ruin-related measures.
Example 16 Let β = 1 4 , λ = 1 5 and c = 1 (η = 25%). We consider two cases, namely p 00 = p 11 = 0, p 01 = p 10 = 0.5 (Case 1) and p 00 = 0.1, p 01 = 0.2, p 10 = 0.2, p 11 = 0.5 (Case 2). Table 5 shows the values obtained for ψ (u) by importance sampling with the values for ρ 0 and for ρ P (X, W ).
Again, we observe that ψ (u) decreases with ρ P . In Table 6 , we also provide information about the conditional distribution of X σu for u = 0, 100, 500 in both cases.
From Table 6 , we can reasonably expect that the conditional distribution of X σu converges when u gets larger. This statement is confirmed by graphs of the conditional cdf 's of X σu which we do not provide here to lighten the presentation. Then, in Table 7 , we give informations about the conditional distribution of the minimal surplus prior to ruin A 1,σu for u = 100 in both cases. Table 6 : Information obtained by importance sampling about the the conditional distribution of the claim causing the ruin assuming Raftery bivariate exponential distribution (Cases 1 and 2).
The variance observed in Case 1 is twice smaller than in Case 2. This might be explained by a smaller ψ (u) in Case 2 leading to a larger average time for ruin to occur. Finally, in Table 8 , we also provide informations about the conditional distribution of A 4,σu for u = 0, 100 in both cases.
Obviously, in both cases, a larger u leads to a larger F −1 A 4,σu |τu<∞ . Also, for a given u, we notice that Case 1 yields larger figures, which is line with the intuition as ψ (u) is larger in Case 1.
Bivariate distribution with FGM copula and exponential marginals
The FGM copula, given by
(see e.g. Nelsen (2006) Table 8 : Values obtained by importance sampling about the sum of claims up to ruin assuming Raftery bivariate exponential distribution (Cases 1 and 2 ).
, with (29) and with exponential marginals (X ∼ Exp (β) and W ∼ Exp (λ)). It implies that the expression for the joint pdf of (X, W ) is given by
The Pearson correlation coefficient is given by ρ P (X, W ) = We note that the bivariate distribution defined with the FGM copula and exponential marginals can be seen as a combination of bivariate exponential distributions. Combinations of univariate exponential distributions are a subset within the family of matrix exponential distributions (see e.g. Asmussen and Bladt (1997) and Dufresne (2006) for details). Similarly, combinations of bivariate exponential distributions are a subset within the family of bivariate matrix exponential distributions (see Bladt and Nielsen (2010) ).
Lemma 17
The joint pdf of (X, W ) under
where c
Proof. The proof follows from an adaptation of Lemma 10 in the case of combinations of bivariate exponentials.
According to Lemma 17, the joint pdf of (X, W ) under P (ρ δ ) cannot be defined by an FGM copula and exponential marginals. The marginals are now combinations of exponential distributions, i.e.
However, the bivariate distribution remains a combination of bivariate exponential distributions whose marginals are combinations of exponential distributions (which can be seen as extensions of the exponential distribution).
In the following example, we compare the values obtained by simulation with the exact values given in Cossette et al. (2010) .
Example 18 Let β = 1, λ = 1 1.5 , θ = 0.5 and δ = 0.05 1.5 , which are equivalent to parameters used in Example 8.1 of Cossette, et al. (2010) . Numerical optimization leads to ρ 0 = 0.378826 and ρ δ = 0.432150. In Table 9 , we provide the results for ψ (u) and m δ,2 (u) with w 2 (y) = y. Even with ten times less simulations, the IS method is the closest to the exact values for both ψ (u) and m δ,2 (u). An interesting ruin measure inspired from the ruin probability and the expected deficit at ruin has been investigated by Mitric and Trufin (2013) . This measure is computed in two steps. First, for some specified probability level κ, we denote by u κ the smallest amount of initial capital needed such that the infinite-time ruin probability is at most equal to κ, that is u κ = inf {υ ≥ 0 |ψ(υ) ≤ κ }. In the second step, we compute
i.e. τ uκ is the time of ruin assuming that the initial capital is u κ (i.e. the surplus process U = {u κ + ct − S(t), t ≥ 0}). In other words, ξ κ,δ represents the smallest amount of capital needed to ensure that the infinite-time ruin probability is smaller than κ and to cope in expectation with the first occurrence of a ruin event. In the context on this example, the values of the ruin measure ξ κ,δ (with u κ ) are provided in Table 10 . Mitric and Trufin (2013) assuming the bivariate FGM exponential distribution.
Let us mention that we could also consider the bivariate distribution defined with the FGM copula and mixed Erlang distributions as marginals (see Cossette et al. (2013) ). It could be also of interest to consider the bivariate distribution defined with the Ali-Mikhail-Haq copula and exponential marginals but since, its treatment is similar to the one for the bivariate distribution defined with the FGM copula and exponential marginals, we refer the reader to Cossette et al. (2014) for the details.
Moran-Downton's bivariate exponential distribution
We assume that (X, W ) has a Moran-Downton bivariate exponential distribution with joint pdf given by
(1 − γ) γ k h x; k + 1, β 1 − γ h t; k + 1, λ 1 − γ , for x, w ≥ 0 and γ ∈ [0, 1). The Pearson correlation coefficient is ρ P (X, W ) = γ. Hence, γ = 0 corresponds to the independence case while γ → 1 corresponds to the comonotonicity case. For further information on the Moran-Downton bivariate exponential distribution, see e.g. Downton (1970), Kotz et al. (2002 ), or Iliopoulos (2003 . In their Example 5.5, Albrecher and Teugels (2006) find the expression of the adjustment coefficient ρ 0 . Also, Ambagaspitiya and Thompson (2012) proposed an extension to this model in a ruin theory context for which marginals are not restricted to exponential distributions. The interest of the Moran-Downton bivariate exponential distribution notably lies in its mathematical tractablility. Also, it constitutes a special case of Kibble and Moran's bivariate gamma distribution, for which Ambagaspitiya (2009) We obtain below a nice analytical expression for ρ δ .
Lemma 19
The analytical expression for ρ δ is
where γ = 1 − γ.
Remark 20 Note that ρ 0 = 1 1−γ η (1+η) β, which can be found also in Example 5.5 of Albrecher and Teugels (2006) . Also, ρ 0 does not depend on the parameter λ of the distribution of the interclaim time rv W . Moreover, as the dependence parameter γ increases (i.e. as the positive dependence relation between the components of (X, W ) increases), we observe that ρ 0 also increases, which implies that the riskiness of the risk process decreases. Moreover, when γ = 0 , we obtain the expression of the adjusment coefficient within the classical compound Poisson risk model with exponentially distributed claims.
Erlang distributions with
k h x; k + 1,
k h t; k + 1,
Example 22 Let β = 1, λ = 1 1.25 , and γ = 0.6. When δ = 0, we find ρ 0 = 0.5 using Lemma 19. The expression of ψ (u) (only) is obtained in Ambagaspitiya (2009, Example 1) from which we have computed the exact values for different initial capitals u. In Table 11 , we provide the results for the ruin probability ψ (u). Again, as for Example 18, the IS method performs very well. For δ = 3%, we obtain ρ 0.03 = 0.595867 with Lemma 19. The values of G 0.03 (u), given in Table 12 , are obtained by importance sampling and computed for γ = 0.6 and γ = 0.2. Table 12 : Exact values and values obtained by importance sampling for Laplace transform of the time of ruin assuming Moran-Downton's bivariate exponential distribution.
We note that G 0.03 (u) decreases with γ which is in line with our intuition as larger dependence leads to a lower ruin probability and hence to a larger average ruin time.
